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The smallest known example of a simple 3-polytype with no Hamiltonian circuit has 38 
vertices. By extending the methods of Okamura we prove that if a simple 3-polytype has at 
most 34 vertices then it is Hamiltonian. 
1. Introduction 
A 3-dimensional convex polytope is called simple provided each vertex is 
3-valent, i.e., each vertex meets exactly three edges. According to a theorem of 
Steinitz [9], the graphs of these polytopes are those that are planar and 
3-connected (and of course 3-valent). These planar 3-connected 3-valent graphs 
will be called simple graphs. A Hamiltonian circuit in a graph is a simple closed 
curve consisting of edges of the graph such that each vertex is on the circuit. The 
first simple graph with no Hamiltonian circuit to be discovered was one with 46 
vertices constructed by Tutte [10]. The smallest known example (in terms of 
number of vertices) is the example with 38 vertices discovered independently by 
the author, Bosak [2], and Lederberg [7] (actually there are six such nonisomor- 
phic graphs). Okamura [8] has proved that all simple graphs with at most 32 
vertices have Hamiltonian circuits. In this paper, we modify Okamura's proof to 
show that all simple graphs with 34 vertices have Hamiltonian circuits. 
2. Definitions and notation 
In this paper all graphs are planar. The number of vertices of a graph G will be 
denoted I GI. If we embed a graph in the plane then the closure of the connected 
components of the plane minus the graph are called the faces of the graph. If a 
face has k edges it will be called a k-face. 
If a vertex of a simple 3-polytope is truncated, the result is that a 3-valent 
vertex is replaced by a triangular face. The corresponding operation of replacing 
a vertex of a graph by a 3-face will be called truncating that vertex of the graph. 
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We shall say that a simple graph is cn-connected provided it is possible to 
separate two faces by cutting edges and one must cut at least n edges to do so. If 
a simple graph is cn-connected but not c(n + 1)-connected we say that it is exactly 
cn-connected. A set of k edges such that cutting them separates the graph, and 
cutting any subset does not, is called a k-cut. A k-cut is essential provided cutting 
the edges of the cut results in two components each of which contains more than 
one face of the graph. If G is cn-connected and has no essential n-cuts, then G is 
called c'n-connected. 
If the two components of a k-cut are bounded by a simple circuit, we call each 
component a k-piece of the graph. The edges of the cut are called the edges of 
attachment of the piece. We shall say that a k-piece has valence k. If A is a 
k-piece, then A is one of two components of a k-cut. The other component will 
be denoted A' and is called the complement ofA. 
If we take a 3-piece A and its edges of attachment and form a new graph by 
identifying the vertices of the edges of attachment that are not in A, we get a new 
simple graph which we call the associated graph of A and denote it by A. 
If H is a k-piece of G then the faces of G that are in H will be called interior 
faces, while the faces of G that are not in H will be called exterior faces. Interior 
and exterior vertices are defined in the same way. The bounding circuit of H will 
be denoted fl(H). We say that a k-piece is minimal provided no k-piece is a 
subgraph of it, other than a k-piece consisting of a single k-face. In Fig. 5 we 
show the minimal 3-pieces with more than three and at most eleven vertices. In 
Fig. 6 we show the minimal 4-pieces with more than four and at most twelve 
vertices. 
In the rest of this paper the term Hamiltonian circuit will be abbreviated HC. 
If G has an HC, then the portion of the circuit that lies in a given k-piece H 
will consist of a path or a collection of disjoint paths. Any collection of disjoint 
paths covering the vertices of H and terminating at vertices of edges of 
attachment will be called an H-covering of H. One method of constructing an HC 
in a graph G will be to replace a k-piece H with a simpler graph, K, find an HC in 
the new graph G', then take the portion of the HC that is not in K and find an 
appropriate H-covering of H that will give an HC in the original graph. If the 
appropriate H-covering exists we say that the HC in G' extends to an HC in G. 
The known non-Hamiltonian graphs with 38 vertices are constructed using the 
3-piece G1 shown in Fig. 1. This 3-piece is known as a Tutte triangle. It has the 
Fig. 1 
Every simple 3-polytype with 34 vertices is Hamiltonian 3 
property that no H-covering has v as a terminal vertex. This is the smallest 
3-piece that does not admit all H-coverings. The known non-Hamiltonian simple 
graphs with 38 vertices are all c3-connected and it is a theorem of Butler [3] that 
this is the minimum number of vertices for a non-Hamiltonian c3-connected 
graph. Faulkner [5] has proved that all c5-connected graphs with at most 38 
vertices are Hamiltonian and Butler [4] has proved that all graphs that are 
c4-connected but not c*4-connected and have at most 34 vertices are Hamil- 
tonian. It follows that we need examine only the c*4-connected graphs. 
3. Graphs with a-edges or b-edges 
We define an edge of a simple graph to be an a-edge if it lies in every HC of 
that graph. If it does not lie in any HC it is called a b-edge. It is easy to prove that 
every simple graph with fewer than 16 vertices has no a-edges. (In fact, if this 
were not true we could easily construct smaller non-Hamiltonian simple graphs 
than the 38 vertex ones.) Butler [3] has proved that all simple graphs with fewer 
than 24 vertices have no b-edges. These results are best possible since G2 (see 
Fig. 2) has three a-edges and G15 (Fig. 3) has a b-edge. 
If G has an a-edge e (resp. b-edge), then it is easily seen that when we truncate 
a vertex of e, the edge of the resulting 3-face that misses e is also an a-edge (resp. 
b-edge). We shall find it necessary to find all simple graphs with at most 20 
~ 3  
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vertices, having a-edges. We shall see that among the c4-connected graphs there 
is exactly one with 16, one with 18, and one with 20 vertices. The others are 
graphs obtained from these by truncations. 
We shall define an edge e of a simple graph G to be a c-edge if it lies in an HC 
and a d-edge if some HC of G does not include e. 
Lemma 1. If G is a c4-connected graph such that I GI ~< 20 and G has an a-edge, 
then G does not contain two adjacent 4-faces. 
Proof. We replace the two 4-faces by a single edge in of two ways shown in Fig. 
/ \ F 2 / X 
. 
0 b 
Fig. 4 
Since G is c4-connected, the replacement in Fig. 4a always produces a 
3-connected graph. The replacement in Fig. 4b will produce a 3-connected graph 
except when G is the graph of the cube (a trivial case). 
Since I GI 20, we see that the graph G' produced by the replacement will 
have only d-edges unless G' is G2 and the edge that replaces the two 4-faces is an 
a-edge of G'. Verifying this case is left to the reader. (This involves drawing the 
graph and finding the HC's.) 
An HC missing this new edge will correspond to Hamiltonian circuits in G 
missing various edges of the two 4-faces. All edges except he one belonging to 
both faces are taken care of by the replacement in Fig. 4a, while the replacement 
in Fig. 4b takes care of this edge. To get HC's in G missing edges that do not 
belong to the two 4-faces, observe that any HC in the new graph in Fig. 4b will 
correspond to an HC in G. [] 
Lemma 2. If G is c4-connected and not c*4-connected and IG I ~< 20, then every 
edge of G is a d-edge. 
Proof. By Lemma 1 we may assume that G has no adjacent 4-faces, thus a 
4-piece and its complement must both have exactly 10 vertices, and in fact these 
Fig. 5 
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4-pieces must be G7. It is easily checked that every edge of G7 can be excluded 
by a path with endpoints at the edges of attachment, and that G7 admits all 
H-coverings. This allows us to construct HC's in G missing any prescribed 
edge. [] 
Lemma 3. I f  G is c*4-connected and I GI ~< 20, then every edge of G is a d-edge 
unless G is G2, G3 or G4. 
Proof. A theorem of the author [1] states that the c*4-connected graphs, with the 
exception of the graphs of the cube and pentagonal prism, can be generated by 
facet splitting from G10 (see Fig. 7). In Fig. 8, we show the three c*4-connected 
graphs with 18 vertices and the eleven with 20 vertices. The graphs G2, G3 and 
G4 have a-edges. These are indicated by heavy edges. All of the others do not 
have a-edges. We omit the tedious details of checking this. [] 
~ ~ G  10 
Fig. 7 
Lemma 4. If  G is exactly 3c-connected, [GI < 20, and G is not G2 truncated twice 
or G3 truncated once, then every edge of G is a d-edge. 
Proof. If G contains 3-faces we shrink 3-faces to vertices until none remain. If an 
edge of G is not a d-edge, then an edge of the resulting raph is not a d-edge. 
Thus we have reduced the problem to considering exactly c3-connected graphs 
without 3-faces and c4-connected graphs. 
If G is exactly c3-connected and has no 3-faces, then each 3-piece has at least 7 
vertices. Let a minimal 3-piece of G be A and let A' be the complementary 
3-piece. It follows that A' has at most 13 vertices and A' has at most 14 vertices. 
Thus each edge of A' is a d-edge. Similarly, each edge of A is a d-edge. We 
conclude that A and A' admit all H-coverings. To get an HC missing a prescribed 
edge e, we observe that e corresponds to an edge e' in either A or A'. We choose 
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an HC missing e' in that 3-piece and extend it to the complementary 3-piece using 
whichever H-covering is necessary. [] 
We shall now need a property of graphs with at most 14 vertices. We define an 
edge of a graph to be an e-edge provided it iies in an HC containing any other 
preassigned edge. 
Lemma 5. If G is simple and IGI ~< 14, and if G is not Gl l ,  G12 (see Fig. 9) or 
any graph obtained from G11 by truncations, then every edge of G is an e-edge. 
l~roof. First we observe that clearly we need concern outselves only with graphs 
without 3-faces. Now we observe that if two edges of G that do not lie in an HC 
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lie on a common face F, they cannot be adjacent because that implies that G has 
an a-edge. If they are not adjacent, we can add a new edge across F with the two 
new vertices lying on these edges, producing a graph with an a-edge. This graph 
must be G2, but reversing this process, starting with G2 produces a graph 
obtained from G l l  by truncating vertices. 
Next we observe that if both edges have just a vertex in common with a face F, 
then truncating these two vertices changes F to a face with two nonconsecutive 
edges that cannot both lie in an HC. As above, adding a new edge across this face 
produces a graph with an a-edge. In this case the graph must be G2, G3 or G4. 
(Note that no 34aces are created in this process.) Starting with any of these three 
graphs and reversing the process yields Gl l ,  G12, or a graph obtained from G l l  
by truncating. 
A similar argument holds if one edge lies on a face and the other edge has just 
a vertex in common with the face. We conclude that to check a graph to see if 
every edge is an e-edge, we need only check pairs of edges which do not meet a 
common face. 
We now consider two cases. 
Case 1. G is exactly c3-connected. Since there are no 3-faces, it follows that each 
3-piece must have at least, and therefore xactly 7 vertices. The only such 3-piece 
consists of three 4-faces meeting at a vertex. This case is easily checked. 
Case 2. G is c4-connected. If Ial 10, then it is either G l l  or the graph of the 
cube which is easily checked. If I al t> 12, then it is one of the five graphs in Fig. 
10. (This may be checked by using a generating procedure of Kotzig [6].) Each 
graph in Fig. 10 has an HC shown. For any pair of edges that do not meet a 
common face, either that pair or a symmetrically situated pair, lie in the HC. [] 
Next we examine graphs with 24 vertices. 
Lemma 6. If G is c4-connected, I GI = 24 and has three consecutive 4-faces as in 
Fig. 11, then every edge of G is a c-edge. 
Proof. We use the replacement in Fig. 11 to produce a new graph G'. Since 
every HC in G' extends to an HC in G, all edges of G, except possibly edges of 
the three 4-faces, lie in an HC. Thus we need only make sure that the edges 
1, . . . ,  10 lie in an HC. Any HC in G' that excludes ecan be extended to an HC 
8 D.W. Barnette 
Fig. 10 
8 9 I0 > 
4 5 6 
F 2 
Fig. 11 
through the edges 2, 4, 6, 7, 8, 9 and 10. By symmetry, edges 1, 3 and 5 also lie in 
an HC. The edge marked e in G' can be excluded by an HC in G' unless it is an 
a-edge of one of the 20 vertex graphs with a-edges. If G' is obtained from G2 or 
G3 by truncations, then faces F~ or F2 are triangular in G' . This, however, 
implies that G is not c4-connected. If G '= G4, then since e lies on a 4-face of 
G', it is not an a-edge. 
Lemma 7. f f  G is c4-connected, [GI = 24 and G has adjacent 4-faces, then every 
edge of G is a c-edge. 
Proof. We use the replacement in Fig. 4a. The argument is similar to the 
preceding lemma. HC's in G' extend to HC's in G, thus we need only look for 
HC's through the edges of the two 4-faces. An HC excluding ecan be extended to 
HC's including the edges of these faces. If no HC excludes e, then one of the 
faces F~, . . . ,  F4 are 3-faces in G' or else G' is G4. The case of G4 we leave to 
the reader. If F~ or F2 is a 3-face of G', then G has a 3-piece consisting of three 
Every simple 3-polytype with 34 vertices i Hamiltonian 9 
4-faces meeting at a vertex and G is not c4-connected. If F3 or F4 are 3-faces of 
G', then Lemma 6 takes care of this case. [] 
In order to prove that every edge of any c4-connected graph with 24 vertices is 
a c-edge we will need several reductions. These are shown in Table 1. Column 1 
shows the configuration A, that is to be replaced. We shall call the resulting raph 
G'. Column 2 shows the configuration B of G' that replaces A. The replacements 
in Column 2 are used to get HC's through all edges of G other than edges of A. 
Note that, with the exception of configuration 1.4 which will be used for a special 
purpose, the replacements reduce G to a graph with at most 14 vertices, thus we 
can specify an HC through any two edges of G' unless G' is one of the exceptions 
to Lemma 5. 
The third column shows configuration C which is used for replacements that are 
used to find HC's through the various edges of A. We shall call the resulting 
graph G". 
Column 4 shows the edges of A that can be covered by an extension of the HC 
in C. Column 5 shows the edges which also can be covered by a replacement 
symmetric to the given one. When an edge in B or C is marked * this indicates 
that we are to take an HC that excludes that edge. When it is marked • • that 
indicates that we are to take an HC using that edge. In the case of B, we will 
choose an HC through the indicated edge and through a prescribed edge of G 
that is also an edge of G'. This HC extends to an HC in G through the prescribed 
edge. 
In the configuration i  Column 1, the edges meeting vertices of valence I are 
not to be considered as edges of the configuration. They are included to show 
how the configuration is attached to the rest of G. 
Lemma 8. I f  G is c*4-connected, IGI = 24 and G has a b-edge, then G does not 
contain any of the k-pieces 1.1, 1.2 or 1.3 in Table 1. 
Proof. We use the replacements of Table 1 as described above. There are several 
things that we must check to be sure that the graphs G' and G" will have the 
required HC's. We treat each reduction separately. 
(1.1) If face F~ is a 5-face then the reduction produces a double edge, otherwise 
the argument in Okamura [8] shows that G' and G" are 3-connected graphs. 
Since we wish to use a replacement symmetric to this one we also have problems 
if F2 is a 5-face. We cannot have both F1 and F2 as 5-faces because then G has an 
essential 4-cut. Without loss of generality, we will suppose that Fx is not a 5-face. 
In this case the replacements allow us to find HC's through all edges of the 
configuration except edge 11. To get this edge, we use the replacement in 1.4. 
If G' is an exception to Lemma 5, then it is either G12 or G l l  truncated twice. 
Observe that if we perform the inverse of this replacement to G 12, we will obtain 
a graph with two adjacent 4-faces, contradicting Lemma 7. 
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1,2,5,6,8 
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If G' is G l l  truncated so that there are two 3-faces, then these two 3-faces 
both share an edge with F3. Suppose F4 is a 3-face. If Fa corresponds to a 4-face of 
G l l ,  then G has two consecutive 4-faces. If 173 corresponds to a 5-face of G l l ,  
then e is an e-edge. If, on the other hand, 175 is a 3-face, then a replacement 
symmetric to the one shown will not produce an exception to Lemma 5. We leave 
it to the reader to draw this case and check it. 
If G' is G l l  truncated twice such that it has exactly one 3-face, then G' is 
either G13 or G14 (see Fig. 12). We note that the 3-faces of G' must meet F3. All 
G 13 
GI4  
Fig. 12 
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Table 1. (cont'd) 
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choices for faces of G13 to be F3 give us that G has consecutive 4-faces. We 
conclude that G = G14. 
In order for G not to have consecutive 4-faces, F3 must be the face indicated 
in G14. Now, if F4 is a 3-face, e is an e-edge, and the argument goes through. If Fs 
is a 3-face, the symmetrically opposite replacement will work. 
(1.2) Okamura's arguments take care of 3-connectedness of G' and G". If G' is 
G12 and e is not an e-edge, then F~ and F2 are 4-faces of G12, and thus two 
adjacent 4-faces of G12 will be adjacent in G. 
If G' has two 3-faces and e is not an e-edge, then F~ corresponds to a 5-face of 
Gl l .  In this case we use the edge e' instead of e. If e' is not an e-edge, then F2 
corresponds to a 5-face of Gl l ,  which is a contradiction. If G' is G13 or G14, 
observe that F3 or F4 must be the 3-face but in this case in both G13 and G14, for 
all possible locations of e, if e is not an e-edge, then e' is. 
(1.3) 3-connectedness i  taken care of by Okamura's arguments. The graph G' 
cannot be G12 because then two adjacent 4-faces of G12 would correspond to 
two adjacent 4-faces of G. If G' is G13 or G14, then F1 corresponds to a 5-face of 
G 1 l, for otherwise G would have two consecutive 4-faces. But now in the face F~ 
either e or e' is an e-edge and either the indicated replacement or the one 
symmetric to it can be done. 
12 D. W. Barnette 
It cannot be that G' is G l l  truncated so that there are two 3-faces because 
each 3-face must meet F~. This implies that either e or e' is on one of these 
3-faces and thus G has consecutive 4-faces. 
(1.4) This replacement is used only to get an HC through edge 11 in (1.1). For 
this replacement the graph G' will have 16 vertices, thus the replacement can be 
done unless G '= G2 and the starred edge is an a-edge of G2. This, however, 
implies that FI is a 4-face of G', which implies that two edges of attachment ofA 
coincide and G has an essential 4-cut. [] 
Lemma 9. I f  G is c*4-connected, ]GI = 24 and G has a b-edge, then no 4-face 
meets a 6-face. 
Proof. Suppose two such faces meet (Fig. 13). The faces f l , . . . ,  f6 must be at 
least 5-sided by Lemmas 7 and 8. By Lemma 8 at least one of f~, f2 and f6 must be 
at least 6-sided. Let H be the union of the faces f l , . . . ,  f6, F1 and F2. Since G is 
c*4-connected, no two of f~ , . . . ,  f6 meet unless they are consecutive in their 
cyclic ordering around Fx and F2. It follows that IHI I> 19. Let H = 19 + k and let 
Iol=v. 
f2 
f6 
t: 3 
fs 
Fig. 13 
Since v = 24 there are 6 other faces in G. At least two of these are at least 
5-sided, for otherwise G would have adjacent 4-faces. We now count the vertices 
of G. To count the exterior vertices of H we count the vertices of the exterior 
faces, subtract twice the number of vertices each such face shares with the 
boundary of H, and then divide by three. It follows that v >I 19 + k + ~(2.5 + 
4 .4 -10-2k)>24.  [] 
Corollary 1. I f  G is c*4-connected, [GI = 24 and G has a b-edge then every 4-face 
of G meets at least two faces that are at least 7-sided. 
l~roof. This follows from Lemmas 7, 8 and 9. [] 
Lemma 10 (G. Wegner, private communication). Let G be c*4-connected and let 
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H be a k-piece consisting of an m-face F together with the faces meeting it. I f  the 
ith face meeting F has ni vertices, then ~ ni <~ ½(IG I + 2) + 3m. 
Proof. Cutting the edges of attachment of H will separate the graph G. One 
component in this separation will be H, if there are at least two other components 
then cutting four suitably chosen edges of H will separate the graph G. Since G is 
c*4-connected, we conclude that cutting the edges of attachment gives us only 
two components and thus the complementary graph to H is connected. It is easily 
proved that this connected graph must have at least k-2 vertices. 
Let v = IH[ and v'  = [G[ - In l .  Now we have v = ~ n i -- 2m, k = ~ n i -  4m, 
v' I> k - 2 and v + v'  = I GI from which the desired inequality follows. [] 
Lemma 11. If G is c*4-connected and IGI = 24, then every edge of G is a c-edge. 
Proof. Let H consist of an m-face F of G together with the faces meeting F. By 
Lemma 10, ~ ni i> 13 + 3m, where n i is as described in Lemma 10. By Lemma 7 
we can assume no two consecutive faces meeting F are 4-faces, thus r, the 
number of 4-faces meeting F, is at most ½m. We have 13 + 3m >I 4r + 5(m - r) = 
5m - r, thus 13 + 3m i> 5m - ½m, from which it follows that m ~< 8. We now treat 
several cases. 
Case 1. F is an 8-face. In this case IHI ~ 20, with equality if and only if F meets 
four 4-faces and four 5-faces. In this case G has an essential 4-cut. If IHI = 22, 
then since there are five faces of G not in H, the number of vertices of G is at 
least 22 + 1(5- 4 - 10) > 24. A similar argument works if IHI - 24. 
Case 2. F is a 7-face and there are no 8-faces. Now, Inl >/18. Let H be a 4 + k 
piece, thus IHI = 18 + k. 
If a 4-face meets F, then there must be another 7-face besides F. Since there 
are six faces of G not in H, we have Ial 1> 18 + k + 1(7 + 5- 4 - 8 - 2k) > 24. 
If no 4-face meets F, then k/> 3 and we have IGI/> 18 + n + ½(6- 4 - 8 - 2k) > 
24. 
Case 3. There are no m-faces for m >I 7. By Corollary 1 there are no 4-faces and 
since G is c*4-connected, it is c5-connected. By a generating theorem of the 
author [1] there is only one c5-connected graph with 24 vertices (Fig. 14). It is 
easily shown that this graph has the desired property. 
Fig. 14 
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Lemma 12. If G is c4-connected and I GI -- 24, then every edge of G is a c-edge. 
Proof. Because of Lemma 11 we need only check the case where G is not 
c*4-connected. Let H be a minimal 4-piece of G. Since G does not have adjacent 
4-faces, H must have at least 10 vertices. If H = G7, observe that G7 admits all 
H-coverings, thus we can replace G7 by a 4-face, take an HC through any 
prescribed edge of this new graph and extend it to an HC in G. This gives HC's 
through all edges except possibly those of G7. To get the HC's through the edges 
of G7 we use the replacement shown in Fig. 15 to produce a new graph G'. By 
using HC's in G' that exclude the edge marked *, we will get HC's in G using 
edges 1 , . . . ,  8, and by a symmetric replacement we also get edges 9 , . . . ,  12. To 
get the edge 13 we use HC's that include the edge marked *. The case where 
G' = G2 is a case that must be checked separately. We leave this to the reader. 
If G7 is not a minimal 4-piece, they any minimal 4-piece and its complement 
has 12 vertices and must be either G8 or G9. Each of these must be checked 
separately. There are various ways that these 4-pieces may be joined. We leave 
this to the reader to check. [] 
\ lo s / 
Fig. 15 
Lemma 13. /f [GI - 24 and G is exactly c3-connected and is not G15, then every 
edge is a c-edge. 
Proof. Clearly we may assume that G has no 3-faces. Let A be a minimal 3-piece 
of G. If both A and A' admit all H-coverings, then since A and A' have only 
c-edges, it follows that G has only c-edges. The smallest 3-piece that does not 
admit all H-coverings is G 1 which has 15 vertices. We shall assume that A has at 
least 15 vertices and thus A' has at most 9 vertices. The only 3-pieces with at most 
9 vertices and no triangles are G5 and G6. The 3-piece G5 admits all 
H-coverings, so in this case all edges of A lie in an HC. Any edge of G5 lies in an 
H-covering with any prescribed pair of edges of attachment, hus any HC in .4 
can be extended to an HC through any prescribed edge of G5. 
If A' = G6, then A has 15 vertices and must be G1 and G = G15. [] 
The preceding lemmas, together with Butler's theorem, give us 
Theorem 1. There is exactly one simple graph with up to 24 vertices that has a 
b-edge and that graph is G15. 
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4. The main theorem 
We now turn to graphs with 34 vertices. We prove that they all have HC's by 
using the replacements of Okamura [8]. Okamura's replacements depend on the 
resulting raph having an HC through a prescribed edge. We shall show that we 
can apply the replacements sothat we do not get G15, and thus we may prescribe 
an edge to be on an HC. 
Lemma 14. I f  G is c*4-connected and has no HC then the k-pieces in Table 2 do 
not occur in G. 
Proof. We make the replacements shown in Table 2 to produce a graph G'. We 
take an HC in G' through the edge marked * and extend it to an HC in G. We 
must show that G' is not G15. Replacements a, c, h, j and m reduce G to a graph 
with 22 vertices and by Butler's theorem, every edge lies in an HC. For 
replacements d, f, g and l, we observe that if we reconstruct G from G' we will 
be adding edges inside exactly one face of G15. If our replacement does not 
work, then the edge marked e in Fig. 3 must be the edge marked * in Table 2. 
This implies that the face to which we add the edges must be F1 or F2, and this 
implies that G had adjacent 4-faces and is not c*4-connected. If replacement n 
fails, then G is obtained from G' by adding edges inside either F3 or F4. In both 
cases G will be only c3-connected. 
For reductions e, i and k we have that G is obtained by adding edges inside F1, 
F2 and Fs. The edges to be added meet only the three edges of the 3-cut of G' and 
thus G is only c3-connected. 
For reduction b, edges would be added inside F4 and F6 or FT; or inside F3 and 
Fs, F9 or F10. In each case G would be c3-connected. [] 
In all of the remaining theorems and lemmas, G is to be a c*4-connected graph 
with 34 vertices and no HC. 
Lemma 15. G does not have a 4-face meeting a 6-face. 
Proof. Let the faces meeting such a pair be f l , . . . ,  f6 as shown in Fig. 13. By 
replacements a and b we have that [fl l~ >7. By replacements a, b and c, one of f2 
and f6 must be at least 7-sided. We shall assume that If21 ~> 7. By replacements 
e , . . . ,  j, we have ~1 ~> 7 for i = 3, 4 and 5. We also have If6[ ~> 5. Let H be the 
graph consisting of/71, F2 and the faces meeting them. There are 11 faces of G not 
in H. We wish to show that at least three of them have more than four vertices. 
Note that H has valence at least 14, thus there are at least 14 faces meeting the 
boundary of H, some of them, however, may coincide. If there are two 5-faces, 
and the rest 4-faces outside H, then at most two pairs of faces coincide and there 
will be two consecutive faces meeting the boundary of H that are 4-faces. This 
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Every simple 3-polytype with 34 vertices i Hamiltonian 17 
contradicts the c*4-connectedness of G. A similar argument holds if there is a 
face with 7 or more sides, two 6-faces or a 5- and a 6-face outside H. It follows 
that at least three faces outside H have at least five vertices each. 
We now let Inl = 28 + k and count vertices. We have Ial I> 28 + k + 1(3.5 + 
8 -4 -28-2k)>34.  [] 
From here on our proof closely parallels that of Okamura [8]. 
Some of the lemmas will have the same proof as in Okamura and we refer the 
reader to tlaat paper. When the proof is different we shall present it. 
Lemma 16. ff Pi is the number of i-sided faces of G, then 
p6+P7+2~pk<7 and p4=P6 +~ (k--5)pk--7. 
k>8 k>7 
Proof. The proof is the same as in Okamura. [] 
Lemma 17. G contains a 4-face meeting a 5-face. 
Proof. Suppose not. The argument in Okamura works unless P4 = 1, P7 = 4 and 
Pi = 0 for all i > 7. It follows that in this case we have P5 = 14. Let H be the 
12-piece in H consisting of the 4-face surrounded by the four 7-faces. Since there 
are fourteen 5-faces, at least one of them misses H and is therefore surrounded by 
5-faces. Let K be the 5-piece consisting of a 5-face surrounded by 5-faces. If two 
5-faces meet K consecutively along fl(K), then G has an essential 4-cut. It follows 
that three 7-faces meet fl(K). Among these three 7-faces there are two pairs that 
are not consecutive on fl(K). One of these pairs must be a pair that is consecutive 
around the 4-face. These two 7-faces, together with two of the 5-faces in K 
determine an essential 4-cut of G. It follows that the case not covered in 
Okamura's argument cannot occur. 
Theorem 2. Every simple graph with at most 34 vertices has an HC. 
Proof. As was observed earlier, we need only consider the case of a graph G that 
is c*4-connected. By the theorem of Okamura, we need consider only the case 
I GI = 34. As in the'previous lemmas, we assume that G does not have an HC. We 
know by Lemma 17 that G has a 4-face F meeting a 5-face. We treat three cases. 
Case 1. The m,piece H in Fig. 16 occurs in G. 
First we show that the faces fl and f2 (and thus also the faces f3 and f4) do not 
meet. 'If fl met]~ on an edge e, then either edges 1, 2, 3 and e or edges 4, 5, 6 and 
e would form an essential 4-cut. 
By our previous lemmas, fl, • • •, J~ all have at least 6 edges while A and f6 have 
at least 7. If an exterior 4-face misses fl(H) then P7 I>- 4 and ~i>6Pi ~> 8. But then 
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p6+P7+2~k>SPk>~8 contradicting Lemma 16. We now have that the only 
exterior 4-faces are those meeting fl(H). Let IHI = 26 + k. Note that if k = 0, 
then no 4-face can meet fl(H) because a 4-face would meet a 6-face. If k = 1 it is 
possible for as many as two 4-faces to meet fl(H), while if k = 2 as many as four 
could meet fl(H). We now treat several subcases. 
Subcase A. k = 0. Let v = IGI. We have v I> 26 + I (10.5  - 20) > 34. 
Subcase B. k = 1. We have now, v >I 27 + I(2" 4 + 8- 5 - 22) > 34. 
Subcase C. k = 2. Now, v t> 28 + I(4" 4 + 6- 5 - 24) > 34. 
Subcase D. k t> 3. There are 10 + k faces meeting fl(H), but since there are only 
10 exterior faces, there must be at least three pairs of them that coincide. By the 
c*4-connectivity of G, a pair of coinciding faces meeting fl(H) must meet fl and f2 
or fa and f4. It is topologically impossible for both pairs of faces in H to meet 
coincident exterior faces. Suppose that three pairs of coincident faces meet fl and 
f2. Two of these coincident pairs will correspond to faces that do not meet. These 
two faces together with fl and 3~ determine a 4-cut. Since there are no essential 
4-cuts, one of the coincident faces is a 4-face and the other two coincident faces 
meet it and are at least 5-sided. Now, v i> 26 + k + I(2- 5 + 8 .4  - 20 - 2k). Since 
k~>3, v>34.  
Case 2. The m-piece in Fig. 17 occurs in G. 
The faces fl, . . . ,  f5 are all distinct and meet only if they are consecutive in 
their cyclic ordering because otherwise G is not c*4-connected. By Lemma 14, fl 
and f2 have at least 7 vertices while 3~, f4 and ~ have at least 6 vertices. Because of 
Lemma 16, if there are as many as two exterior faces with at least 7 vertices, then 
there must be exactly two of them and they must have exactly 7 vertices. 
Fig. 17 
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If three or more 4-faces miss fl(H), then they each must meet two 7-faces. By 
replacement n we see that there must be at least three exterior 7-faces, which is a 
contradiction. There are therefore three cases depending on how many 4-faces 
miss fl(H). We shall present he case where no 4-faces miss fl(H). The arguments 
in the other cases are similar. In those other cases one must take into account he 
number of extra 7-faces that must be present when counting vertices. 
We suppose that no 4-faces miss fl(H). We examine how many 4-faces can 
meet fl(H). Let IHI = v. If v = 23, then at most two 4-faces meet fl(H). If v = 24, 
at most three meet fl(H). If v = 25, at most four meet fl(H). If v = 26 + k, then 
at most 6 + k 4-faces can meet fl(H). 
Subcase A. v = 23. Then [G 1 t> 23 + ~(9- 5 + 2- 4 - 18) > 34. 
Subcases B-D.  The cases of v = 24, 25 and 26 involve the sarne counting 
argument. 
Subcase E. v = 27. If at most six 4-faces meet fl(H), then the same kind of 
counting argument works. If more than six 4-faces meet fl(H), we observe that 
each such 4-face either meets just one of the faces fl, • • •, J~ or else it meets two 
consecutive faces on just two consecutive dges. If this were not so, then G would 
not be c*4-connected. It follows that each 4-face contributes at least one vertex to 
the total number of vertices beyond the (at least) 27 vertices of H. Furthermore, 
there are only five places on fl(H) that would allow the placement of a 4-face that 
contributed only one vertex. It follows that [GI> 34. 
Case 3. Cases 1 and 2 don't hold and-the m-piece H in Fig. 18 occurs in G. 
Now, each 4-face must meet at least three faces with at least 7 vertices. By our 
_replacements, we have that ]el, f2 and j~ have at least 7 vertices. One of  f4 and 
(say, A) has at least 6 vertices. 
Fig. 18 
We present he argument for the case where f4 has at least 6 vertices. The case 
where )~ has 4 vertices uses the' same counting argument. 
Subcase A. There is an exterior face with at least 9 vertices and one with at least 
7 vertices. Let the valence of H be 11 + k. In this case, IGI I> 23 + k + 13(9 + 7 + 
20- 4 ,22  - 2k) > 34. 
Subcase B. There is an exterior face F with at least 9 vertices and no other 
exterior faces with at least 7 vertices. The face F can meet at most four 4-faces 
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and there cannot be any other exterior 4-faces. Now IGI I> 23 + k + ½(9 + 4 .4  + 
5 .7  - 22 - 2k) > 34. 
Subcase C. No exterior faces have more than 8 vertices. Let n = 7 or 8. Each 
exterior 4-face must meet at least one exterior n-face and each n-face meets at 
most two 4-faces (by our replacements). If j 4-faces meet fl(H), then' there are 
least -~ exterior n-faces. Now,  Ial t> 23 + k + 1(4 - ]  + 7(-~) + (12 - -~)5 - 22 - 
2k) > 34. [] 
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